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An approximate solution of the position-dependent mass Dirac equation with the Hulthe´n potential is obtained in
D-dimensions within the framework of an exponential approximation of the centrifugal term. The relativistic energy
spectrum is worked out using the direct transformation method and the two-component spinor wavefunctions are
obtained in terms of the Jacobi polynomials. Dependence of the energy levels on some parameters is discussed. The
results obtained are in good agreement with previous works.
1. Introduction
The relativistic Dirac equation plays an impor-
tant role in the understanding of many quantum
mechanical problems. The equation, which de-
scribes the motion of a spin- 12 particle, has been
solved with various physical potentials. For in-
stance, different solutions of the Dirac equation
with the Coulomb potential have been obtained
in 1D [1,2], 2D [3] and 3D [4,5] and in higher di-
mensions [6]. Also, the qualitative properties of
the Dirac particle in a central potential and the
discrete eigenvalues of the radial Dirac operator
have been discussed [7,8]. However, various multi-
dimensional relativistic and non-relativistic equa-
tions have been studied by many authors due to
their interest in higher dimensional field theory.
To mention a few, the D-dimensional Schro¨dinger
has been studied with the Coulomb potential [9],
pseudoharmonic potential [10], Hulthe´n potential
[11] and Po¨schl-Teller potential [12]. Also, vari-
ous potentials have been studied with both the D-
dimensional Klein-Gordon [13-16] and Dirac [17-
20] equations.
Moreover, the Hulthe´n potential is one of the
important short-range potentials, which behaves
like a Coulomb potential for small values of r and
decreases exponentially for large values of r. The
Hulthe´n potential has received extensive attention
in both relativistic and non-relativistic quantum
mechanics [11,13-16,21,22]. Unfortunately, quan-
tum mechanical equations with the Hulthe´n po-
tential can be solved analytically only for the s-
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states [23-25]. However, a recent study [26] has
used an exponential approximation for the cen-
trifugal term in order to obtain the solution of the
ℓ 6= 0 states of the Hulthe´n potential. This approx-
imation has been employed to obtain the solutions
of both the relativistic [14] and non-relativistic
[11] Hulthe´n potential in D-dimensions. On the
other hand, the use of position-dependent mass
has produced interesting results in many bound-
state problems. This approach has been used by
many authors (see, e.g., [27-30]). There are two
specific motivations for the present study. The first
purpose is to study the bound state of the Dirac-
Hulthe´n problem in D-dimensions. Secondly, we
investigate if the dimensional degeneracy observed
in the non-relativistic Hulthe´n spectrum [11] also
occurs in the case of relativistic equations.
The paper is organized as follows. In Section
2, we present the Dirac-Hulthe´n problem in D-
dimensions. The solution of the two-component
wave functions and the relativistic energy spec-
trum are obtained in Section 3. In Section 4, the
dimensional degeneracy for both Klein-Gordon and
the Dirac equations are discussed and some con-
cluding remarks are given in Section 5.
2. The Dirac Equation in D-dimensions
The D-dimensional Dirac equation with a cen-
tral potential V (r) and position-dependent mass
µ(r) can be written in natural units ~ = c = 1
as [6,18,31]
HΨ(r) = EnrκΨ(r) where
H =
D∑
j=1
αˆjpj + βˆµ(r) + V (r) (1)
The African Review of Physics (2012) 7:0024 230
Where, Enrκ is the relativistic energy, {αˆj} and βˆ
are Dirac matrices, which satisfy anti-commutation
relations
αˆjαˆk + αˆkαˆj = 2δjk1
αˆj βˆ + βˆαˆj = 0
αˆ2j = βˆ
2 = 1
(2)
and
pj = −i∂j = −i ∂
∂xj
1 6 j 6 D (3)
The orbital angular momentum operators Ljk, the
spinor operators Sjk and the total angular momen-
tum operators Jjk can be defined as follows:
Ljk = −Ljk = ixj ∂
∂xk
− ixk ∂
∂xj
,
Sjk = −Skj = iαˆjαˆk/2, Jjk = Ljk + Sjk
L2 =
D∑
j<k
L2jk, S
2 =
D∑
j<k
S2jk,
J2 =
D∑
j<k
J2jk, 1 6 j < k 6 D (4)
For a spherically symmetric potential, total angu-
lar momentum operator Jjk and the spin-orbit op-
erator Kˆ = −βˆ(J2 − L2 − S2 + (D − 1)/2) com-
mutate with the Dirac Hamiltonian. For a given
total angular momentum j, the eigenvalues of Kˆ
are κ = ±(j + (D − 2)/2); κ = −(j + (D − 2)/2)
for aligned spin j = ℓ+ 12 and κ = (j + (D− 2)/2)
for unaligned spin j = ℓ − 12 . Also, since V (r) is
spherically symmetric, the symmetry group of the
system is the SO(D) group.
Thus, we can introduce the hyperspherical co-
ordinates [32-35]
x1 = r cos θ1
xα = r sin θ1 . . . sin θα−1 cosφ, 2 6 α 6 D − 1
xD = r sin θ1 . . . sin θD−2 sinφ
(5)
Where, the volume element of the configuration
space is given as
D∏
j=1
dxj = r
D−1drdΩ dΩ =
D−1∏
j=1
(sin θj)
j−1dθj
(6)
with 0 6 r < ∞, 0 6 θk 6 π, k = 1, 2, . . .D − 2,
0 6 φ 6 2π, such that the spinor wavefunctions
can be classified according to the hyperradial quan-
tum number nr and the spin-orbit quantum num-
ber κ and can be written using the Pauli-Dirac
representation
Ψnrκ(r,ΩD) = r
−
D−1
2

 Fnrκ(r)Y ℓjm (ΩD)
iGnrκ(r)Y
ℓ˜
jm (ΩD)


(7)
Where, Fnrκ(r) and Gnrκ(r) are the radial wave
functions of the upper- and lower-spinor compo-
nents, respectively, Y ℓjm (ΩD) and Y
ℓ˜
jm (ΩD) are the
hyperspherical harmonic functions coupled with
the total angular momentum j. The orbital
and the pseudo-orbital angular momentum quan-
tum numbers for spin symmetry ℓ and and pseu-
dospin symmetry ℓ˜ refer to the upper- and lower-
component, respectively.
Substituting Eqn. (7) into Eqn. (1) and separat-
ing the variables, we obtain the following coupled
radial Dirac equation for the spinor components:(
d
dr
+
κ
r
)
Fnrκ(r) = [µ(r) +Enrκ−V (r)]Gnrκ(r)
(8)(
d
dr
− κ
r
)
Gnrκ(r) = [µ(r)−Enrκ+V (r)]Fnrκ(r)
(9)
Where, κ = ±(2ℓ+D−1)/2. Further details of the
derivation can be obtain from Refs. [36-38]. Using
Eqn. (8) as the upper component and substituting
into Eqn. (9), we obtain the following second order
differential equations[
d2
dr2
− κ(κ+ 1)
r2
− [µ(r) + Enrκ − V (r)][µ(r) − Enrκ
+V (r)]−
(
dµ(r)
dr
− dV (r)
dr
) (
d
dr
+ κ
r
)
[µ(r) + Enrκ − V (r)]

Fnrκ(r) = 0
(10)
[
d2
dr2
− κ(κ− 1)
r2
− [µ(r) + Enrκ − V (r)][µ(r) − Enrκ
+V (r)]−
(
dµ(r)
dr
+ dV (r)
dr
) (
d
dr
− κ
r
)
[µ(r) − Enrκ + V (r)]

Gnrκ(r) = 0
(11)
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We note that the energy eigenvalues in these equa-
tion depend on the angular momentum quantum
number ℓ and dimension D. However, to solve
these equations, we shall use an approximation for
the centrifugal barrier as discussed in the following
section.
3. Bound States of the Dirac-Hulthe´n
Problem in D-dimension
We start this section by defining the Hulthe´n po-
tential as follows [11,13,14,21,22]
V (r) = −Zα e
−αr
1− e−αr (12)
Where, α is the screening parameter and Z is a
constant which is identified with the atomic num-
ber when the potential is used for atomic phe-
nomenon. To solve Eqn. (10), we first eliminate
the last term by equating dµ(r)
dr
− dV (r)
dr
= 0, which
gives the mass function
µ(r) = µ0 +
Zα
1− e−αr (13)
Where, µ0 is the integration constant, and approx-
imate the centrifugal term as follows [11,26]
1
r2
≈ α
2e−αr
(1 − e−αr)2 (14)
Substituting Eqns. (12), (13) and (14) into
Eqn. (10) we have
[
d2
dr2
− κ(κ+ 1)α
2e−αr
(1− e−αr)2 −
(
µ0 +
Zα
1− e−αr + Enrκ + Zα
e−αr
1− e−αr
)
×
(
µ0 +
Zα
1− e−αr − Enrκ − Zα
e−αr
1− e−αr
)]
Fnrκ(r) = 0 (15)
Taking the transformation s = e−αr, Eqn. (15) becomes
[
d2
ds2
+
1
s
d
ds
− κ(κ+ 1)
s(1− s)2 −
ǫ2
s2
− β1 + β2
s(1− s)
]
Fnrκ(s) = 0 (16)
where
ǫ =
√
µ20 + β1α
2 − E2nrκ
α
, β1 =
2Zµ0 + Z
2α
α
and β2 =
2ZEnrκ + Z
2α
α
(17)
If we seek the solution of the form
Fnrκ(s) = s
ǫ(1− s)δUnrκ(s) (18)
then Eqn. (16) becomes
U ′′nrκ(s) +
(
1 + 2ǫ
s
− 2δ
1− s
)
U ′nrκ(s)+
[(−(β1 + β2)− (2ǫ+ 1)δ − δ2 + δ) (1− s) + δ2 − δ − κ(κ+ 1)
s(1− s)2
]
Unrκ(s) = 0 (19)
One can choose δ2− δ−κ(κ+1) = 0, i.e., δ = κ + 1 (the positive root), such that Eqn. (19) be-
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s(1− s)U ′′nrκ(s) + [(1 + 2ǫ)− (2ǫ+ 2δ + 1)s)]U ′nrκ(s)
−
[
δ + ǫ−
√
ǫ2 − (β1 + β2)
] [
δ + ǫ+
√
ǫ2 − (β1 + β2)
]
Unrκ(s) = 0 (20)
Eqn. (20) is the well-known hypergeometric equa-
tion whose solution is given in form of the hyper-
geometric function [39]
Unrκ(s) = 2F1
[
δ + ǫ−
√
ǫ2 − (β1 + β2),
δ + ǫ+
√
ǫ2 − (β1 + β2); 1 + 2ǫ; s
]
(21)
However, for a large value of s, the solution in (20)
diverges, thus preventing normalization. To avoid
this, we set
−nr = δ + ǫ−
√
ǫ2 − (β1 + β2), nr = 0, 1, 2, . . .
(22)
from which, with the help of Eqn. (17), we have the
energy eigenvalues
Enrκ = −
Zα(η + β1)
2η
± (nr + |κ|+ 1)
2η√
4(µ0 + α2β1)η − α2(η + β1)2 (23)
where η = (nr+|κ|+1)2+Z2. To check the validity
of the energy spectrum, we take the limit as α→ 0
of Eqn. (23) and this yields
ECol =
√
µ0
[
1 +
Z2
(nr + |κ|+ 1)2
]− 1
2
(24)
which is the energy spectrum of the Coulomb-like
potential in D-dimensions [17,36]. Evidently, this
follows from the fact that limα→0 V (r) = −Zr .
Thus the unnormalized wavefunction for the
upper-component can be written as
Fnrκ(s) = Cnrκs
ǫ(1− s)κ+1 2F1
[
−nr, κ+ ǫ+ 1 +
√
ǫ2 − (β1 + β2); 1 + 2ǫ; s
]
(25)
Using the relation using the following definition of the Jacobi polynomial [39]
P (a,b)n (s) =
Γ(n+ a+ 1)
n!Γ(1 + a)
2F1
(
−n, a+ b+ n+ 1; 1 + a; 1− s
2
)
(26)
we arrive at
Fnrκ(s) = Cnrκs
ǫ(1− s)κ+1P (2ǫ, 2κ+1)nr (1 − 2s)
(27)
Where, Cnrκ is the normalization constant.
Moreover, substituting Eqn. (27) into Eqn. (8),
one can easily obtain the lower-component as
Gnκ(s) = A1(s)P
(2ǫ, 2κ+1)
nr
(1− 2s)
+A2(s)P
(2ǫ+1, 2κ+2)
nr−1
(1− 2s) (28)
where
A1(s) =
Cnrκs
ǫ(1 − s)κ [ǫ/s− ακ(1 − s)/log s]
µ(r) + Enrκ − V (r)
and A2(s) =
Bnrκs
ǫ(1− s)κ
µ(r) + Enrκ − V (r)
(29)
with Bnrκ a constant.
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4. Dependence of the Relativistic Hulthe´n
Spectra on Some Parameters
4.1. Case 1: Dependence of En on α
Recently, it was reported in [11] that the non-
relativistic energy spectrum of the Hulthe´n poten-
tial intersect for some adjacent dimensionsD(≥ 3),
for some values of the screening parameter αi. This
signifies a degeneracy (with respect to the dimen-
sion) in the energy spectrum of the non-relativistic
Hulthe´n potential. In this section, we investigate
if such degeneracy also occurs in the relativistic
energy spectums of the Hulthe´n potential. We
start with the Klein-Gordon-Hulthe´n energy spec-
trum for equal vector and scalar potentials, which
is given as [11,13,14]
EKnr = −
Zγ
2η
± (nr + v1)
2
2η
√
4µ2 − α(2Zµ− γ)
(30)
Where, nr is the radial quantum number, µ is the
mass and
v1 = (D + 2ℓ− 1)/2, γ = 2Zµ− α(nr + v1)2
and η = (nr + v1)
2 + Z2 (31)
Moreover, if we set Z = µ = 1, and define a prin-
cipal quantum number n = nr + ℓ + 1, the en-
ergy equation (30) takes the simple form (with the
choice of a negative root)
EKn =
2αρ1 − 16
4 + ρ1
− ρ1
4 + ρ1
√
16− α2ρ1 (32)
Where, ρ1 = (2n +D − 3)2. Similar to the result
of [11], the curve of EKn against α (Fig. 1) reveals
the intersection of the energy levels for some adja-
cent dimensions. This indicates a degeneracy (with
respect to the dimensions) in the energy levels.
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FIG. 1: The curves of the Klein-Gordon-Hulthe´n energy spectrum against α for some dimensions and some exited states.
We now consider the case of the Dirac-Hulthe´n
spectrum. If we introduce a principal quantum
number n = nr + |κ|+ 1, the energy equation (23)
can be written (Z = µ0 = 1) in the form
EDn = −
α(ρ2 + 1) + (α+ 2)
2(ρ2 + 1)
− ρ2
2(ρ2 + 1)
√
4(ρ2 + 1)(α+ 1)2 − [α(ρ2 + 2) + 2]2 (33)
Where, ρ2 = (n+(D−1)/2)2. In Fig. 2, the curves of EDn against α reveals that the Dirac-Hulthe´n
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spectrums are more evenly distributed with respect
to the spatial dimensions; moreover, energy levels
at higher exited states, tend to be bounded within
[-1, 0].
Moreover, for large α, the energy eigenvalues
(30) and (33) become imaginary. In particular, if
α > 42n+D−3 , the Klein-Gordon energy (30) be-
comes imaginary for the state EKn(n, α,D). Sim-
ilarly, if α > 2
(
1 +
√
1 + ρ2
)
/ρ2, where ρ2 =
(n + (D − 1)/2)2, then the Dirac energy (33) be-
comes imaginary for the state EDn(n, α,D).
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FIG. 2: The curves of the Dirac-Hulthe´n energy spectrum against α for some dimensions and some exited states.
4.2. Case 2: Dependence of En on D
To investigate the dependence of the relativistic
Hulthe´n energies on the dimension, we follow a re-
cent study [40,41] where the property of continuous
dimension is used in studying the bound states of
a quantum system with special potential. Thus,
we assume the dimension D is continuous and plot
some curves of En against D for some α values
as shown in Figs. 3 and 4 for the cases of Klein-
Gordon and Dirac spectrum, respectively.
It is interesting to note that the Klein-Gordon-
Hulthe´n energy preserves its discrete nature re-
gardless of the nature of D and the value of α.
This is evident from the fact that in Eqn. (32), if
α is sufficiently small and D is sufficiently large,
the energy EKn tends to -4, thus becoming inde-
pendent of D for any given value of n. On the
other hand, Fig. 3 reveals that the Dirac-Hulthe´n
spectrum decreases and converges to a point with
an increase in the dimension. Moreover, for large
α there is a possibility of energy degeneracy with
respect to n.
5. Concluding Remarks
We have studied the D-dimensional Dirac equation
with the Hulthe´n potential within the framework
of an exponential approximation of the centrifugal
term and position-dependent mass. The approxi-
mate eigenvalues obtained were found to be in good
agreement with previous works [17]; the eigenfunc-
tions are also obtained in form of the Jacobi poly-
nomials. The dependence of the energy spectrum
on the screening parameter α and dimensions D
were studied for both the D-dimensional Klein-
Gordon- and the Dirac-equations with the Hulthe´n
potential. We note that, similar to the non-
relativistic case, the Klein-Gordon-Hulthe´n energy
levels for some adjacent dimensions intersect at
some values of α, thus resulting into a degeneracy
of energy eigenvalues with respect to the dimen-
sions. However, the Dirac-Hulthe´n spectrums are
more evenly distributed with respect to α and D.
Finally, we observed that because of the non-linear
terms in the energy equations (32) and (33), not
all values of α yield a real eigenvalue for a given
quantum state.
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FIG. 3: The curves of the Dirac-Hulthe´n energy spectrum against D for some exited states.
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